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Hybrid Euler/Particle Approach for Continuum/Rare� ed Flows

Roberto Roveda, David B. Goldstein,† and Philip L. Varghese‡

University of Texas at Austin, Austin, Texas 78712-1085

A single computational technique that couples Nadiga’s four-speed adaptive discrete velocity Euler solver with
Bird’s direct simulation Monte Carlo method has been implemented to model mixed rare� ed and continuum � ow
simultaneously. The process of interaction between the continuum and particle domains relies on the continuous
exchange of properties at a common boundary. The novel application of ghost cells decreases the statistical noise
of the direct simulation Monte Carlo property signal along the interface. The hybrid code employs the direct
simulation Monte Carlo method to simulate disconnected patches embedded within a continuum � ow. These
patches can be moved and deformed adaptively on a single grid to track nonequilibrium regions of the � ow.
Numerical results arepresented for the adaptivesimulationofaone-dimensionalshock tube andforthe nonadaptive
calculation of unsteady two-dimensionalpressure-driven slit � ow impingingon a target plate. The hybrid, adaptive
shock tube simulation demonstrates the stability of the interface and the capability of the adaptive algorithm to
capture physical phenomena such as shock waves, expansion waves, and contact discontinuities. The simulation
of slit � ow presents a simpli� ed rendition of a nozzle plume striking a spacecraft surface. The test cases presented
provide stepping stones to more complex two- and three-dimensional hybrid, adaptive � ow simulations.

Nomenclature
Kn = global Knudsen number, L
KnGLL = gradient-lengthlocal Knudsen number
k = Boltzmann’s constant
L = characteristic length
m = molecular mass
n = number of direct simulation Monte Carlo method

(DSMC) ghost levels
nm = number of DSMC simulated particles in a cell
PB = Bird’s breakdown parameter
T = translational temperature
Tsample = instantaneous temperature from DSMC sample
t = time
u = total component of velocity in x direction, u u
u = thermal component of velocity in x direction
u = mean component of velocity in x direction
z = normally distributed variable

f = temperature correction factor
= mean free path
= DSMC collision frequency
= mean of normal probability density distribution
= macroscopic density

N = normalized density gradient
2 = variance of normal probability density distribution

Subscripts

d = shock-tube driven section
i = integer index

= wall
x , y = Cartesian coordinate axes

= freestream or initial low-pressure reservoir
conditions

1 = upstream, shock-tube driven section
2 = downstream, shock-tube driver section
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Introduction

T HE accurate prediction of aerodynamic and thermodynamic
loads on vehicles that operate in the transitional � ow regime

motivates the developmentof more accurate and ef� cient computa-
tionalmethods than are currentlybeingused.The goal of the present
study is to combine the ef� ciency of an Euler equations solver in
the continuum region with the accuracy of the direct simulation
Monte Carlo method (DSMC) in nonequilibrium� ow areas. Finite
differencediscretizationof the Euler equations1 2 and particle-based
methods (DSMC3 4) often cannotadequatelymodel near-continuum
� ows when they are applied separately. Although computationally
ef� cient to solve, the Euler equations neglect departures from equi-
librium due to momentum and thermal and mass diffusion and are
invalid in regions of strong nonequilibrium. The DSMC approach
performswell in modeling � ows having low densityor small charac-
teristic � ow dimensions but becomes less computationallyef� cient
as the � ow progresses from free molecular, through transitional, to
continuum.

The new, coupledcontinuum-particletechniqueoffers the follow-
ing contributions:1) analysis of unsteady � ows is possible because
information is exchanged at every time step and because moving
DSMC patches can track traveling waves; 2) the novel application
of ghost cells is described to minimize the noise in DSMC inter-
face properties without resorting to DSMC ensemble averaging;
3) the employment of adaptive DSMC patches to resolve areas of
nonequilibrium improves the accuracy of the solution and main-
tains reasonable computational cost; 4) the lack of oscillations or
extraneous waves (except for DSMC noise) propagating from the
DSMC/Euler interface shows that the procedureis stable; and 5) the
procedureto exchangeinformationat the interfaceprovidessuitable
boundary conditions for subsonic out� ow in DSMC.

The objective of this work is to develop a hybrid code whose
results will enhance the understanding of nozzle plume � ows and
accurately predict plume surface impingement loads. Speci� cally,
the method will eventually be applied to analyze the structure of
Space Shuttle maneuvering thruster plumes.5 6

Literature Review
Previous efforts have employed continuum and particle methods

in uncoupled,5 7 weakly coupled,8 and stronglycoupled9 10 fashions.
Uncoupled approaches implement a unidirectional � ow of infor-
mation: from continuum to the particle method (DSMC). Parti-
cles generated according to the continuum � uxes at a � xed in-
terface travel into the DSMC region. Weak coupling techniques
periodicallyupdate the continuumsolutionthroughthe use of the in-
terface � uxes or properties obtained from DSMC, whereas strongly
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coupled methods increase the frequency of information exchange.
These approaches produce a physically correct solution of com-
plex steady � ows by resolving nonequilibriumareas with a particle
method. However, the � xed boundary may result in the super� uous
application of DSMC in equilibrium areas. More importantly, the
ensemble averaging of DSMC interface information precludes the
placement of DSMC patches to track and resolve shock, expansion,
and shear waves that may propagate throughout unsteady � ows.

Type of Interface
The existing continuum-particle coupling methods implement

variations of a basic scheme: property extrapolation to generate
interface � uxes. That is, the continuum approach updates its cell-
centered properties using half � uxes or net � uxes at the interface as
boundaryconditions.In the other direction,continuummacroscopic
interface properties and � uxes are used to specify the distribution
function of entering particles.

Hash and Hassan8 studied the solution of planar Couette � ow
with a hybrid Navier–Stokes–DSMC solver to test the validity of
two coupling methods: the Marshak conditions11 and the extrapola-
tion of � ow properties. The authors discarded a third � ux extrapo-
lation method because of excessive statistical noise associatedwith
the higher velocity moments used to calculate the required DSMC
shear stress and heat � ux. The Marshak conditionwas used to obtain
the net interface � ux as a sum of the DSMC and Navier–Stokes half
� uxes. DSMC half � uxes were evaluated by counting the number
of particles crossing the interface, whereas the explicit equations in
terms of macroscopic properties provided the Navier–Stokes half
� uxes at the interface. The second method extrapolated properties
from the center of boundary cells to the interface and performed
an iterative procedure until the values from the continuum and par-
ticle techniques agreed on both sides of the interface. Simulations
with an increasingnumber of particles and at a higher coupling fre-
quency between the continuum and rare� ed regions revealed that
the Marshak conditions seemed to provide the most accuracy and
ef� ciency when compared with the pure DSMC calculation. More
recently,however,HashandHassan12 showedthat thehighstatistical
scatter exhibitedby the DSMC half � uxes precludedthe application
of the Marshak conditions to low-Mach-number � ow regions.

Wadsworth and Erwin9 10 carried out simulations of one-dimen-
sional shock waves and two-dimensional slit � ows using a cell-
centered � ux matching interface formulation. In the cell-centered
technique, the cumulative sampled value of DSMC cell-centered
conservedquantitiesadjacent to the interfaceprovidedthe boundary
conditionto integratethe Navier–Stokes equationsin the continuum
region. The � ux into the DSMC region was calculated by interpo-
lation to the interface of the cell-centered Navier–Stokes solution.
Thus the coupling was not strictly time accurate but improved as
steady-state conditions were approached.

The Marshak11 and the � ux matching9 10 techniques represent in-
terestingsteps toward a generallyusefulhybrid approach.However,
no attempts appear to have been made to solve unsteady � ows or to
decompose the domain adaptively according to the degree of local
translationalequilibrium.

Location of Interface
The gradient-length local Knudsen number3 KnGLL and Bird’s

breakdownparameter13 PB embody the physical and numerical cri-
teria that identify the boundary between continuum and rare� ed
computationaldomains. Physically, the Knudsen number measures
the departure of the local translational distribution function from
the equilibrium state. The term PB represents a correlation param-
eter that indicates departure from equilibrium in � ows containing
expansion waves.

Numerically, it is generally thought that continuum methods do
not provide an accuratedescriptionof � ows when the global Knud-
sen number

Kn L (1)

basedon a characteristiclength L increasesaboveabout0.1 (Ref. 3).
However, the gradient-lengthlocalKnudsennumber(presentedhere
in steady one-dimensional form),

KnGLL
x d

dx
(2)

based on the local density gradient, predicts the breakdown of con-
tinuum approaches in local nonequilibrium� ow regions better than
the global Knudsen number. Similarly, Bird’s study of expanding
� ows indicatesfailureof the continuumapproachas PB (shown here
in steady one-dimensional form),

PB
1

u
d

dx
(3)

increases above 0.05 (Ref. 13).
Boyd et al.14 conducted an investigation to assess the validity of

density-based KnGLL and PB as failure thresholds of the Navier–
Stokes solution in transitional hypersonic � ows. The authors ac-
curately quanti� ed the density-based KnGLL and PB within one-
dimensional normal and two-dimensional bow shock waves for
full continuum and full particle calculations. Both solutions were
deemed valid if they agreed within 5%, whereas a larger discrep-
ancy indicated that the Navier–Stokes approach had failed. Their
results indicated that translational nonequilibrium may exist for
KnGLL 0 05. A more conservative estimate should be adopted
in general because DSMC noise and unsteady effects do not allow
a precise positioning of the interface.

In a study aimed at resolving regions of translational nonequi-
librium with DSMC, Wadsworth and Erwin9 stretched the Navier–
Stokes domain beyond its region of assumed global validity as they
positioned interfaces at points successively closer to the center of
a one-dimensional shock. They suggested using the magnitude of
the integrateddifferencesbetweenthe localandequilibriumvelocity
distributionfunctionsto gaugethe validityof theparticlemethodat a
particularpoint in the � ow. However, the computationalcosts of this
adaptiveprocedureare large due to the number of particles required
for a smooth, integrable distribution function and also because of
the integration in a two- or three-dimensionalphase space. The hy-
bridpro� lesmaintainedgoodqualitativeagreementwith full DSMC
baselinecalculations,despite the presenceof couplingpoints within
the nonequilibriumregion.Nonetheless,even if accuracywas main-
tained for the speci� c case of a standing shock wave, it is desirable
to position the interfaces conservatively in the general case.

Present Approach
We chose to interface Nadiga’s adaptive discrete velocity (ADV)

method15 17 with Bird’s DSMC.3 4 ADV is a kinetic theory ap-
proach that integrates the Euler equations for a 27-discrete-velocity
(4-speed) gas model through the use of a � ux-splitting/total varia-
tion diminishingscheme based on Nadiga and Pullin’s � ux-splitting
equilibrium method.17 The ADV approach assumes an equilibrium
distribution function based on macroscopic properties at each cell
center but retains a nonequilibrium distribution function at cell
boundaries because of the superposition of distinct cell-centered
� uxes from neighboringcells. The combinationof a fast quasiparti-
cle approach(ADV) with a true particle simulation (DSMC) creates
an ef� cient coupling between continuum and rare� ed regions.

Type of Interface
Interface Information Exchange

Figure 1 illustrates the strong mechanism of information ex-
change that occurs in both directions between the continuum and
rare� ed computational domains. The hybrid technique decouples
the calculation into an ADV and a DSMC step.

In the continuum region, the ADV Euler solver determines the
interface continuum � uxes through the use of DSMC macroscopic
properties.The threeDSMC cellsadjacentto the interfaceare treated
as an extension of the ADV domain, and the macroscopic DSMC
properties therein are used to obtain DSMC-to-ADV � uxes neces-
sary for � nite volume integration. The detailed explanation of the
ADV interface calculations will be given later. DSMC evaluates
the density , the velocity vector V, and the speci� c internal en-
ergy e through a simple, fast averaging procedure that obviates the
need for statistically noisy and computationally expensive particle
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Fig. 1 ADV–DSMC interface cell sets.

counting routines to generate � uxes. The statistical noise of DSMC
boundary propertiesmay also be decreased considerablyby the ap-
plication of smoothing ghost cells. Interpolation of the properties
to the interface and generation of the ADV buffer cell half � uxes
becomes completely internal to ADV and ensures conservation of
mass, momentum, and energy at the interface.

In the opposite direction particles travel into the DSMC domain
from a layer of two ADV cells disguised as particle reservoir cells.
A later section describes the detailed procedure that initializes the
thermal velocities and positions of the reservoir particles. Tests on
shock waves at high Mach numbers revealed that for a reasonable
time step a negligible number of high-speed particles will travel
farther than two cells.

Effect of Statistical Fluctuations on Temperature
It was observed that sampling from a small number of DSMC

particles consistently depresses the value of the translational tem-
perature. Bird3 attributes the depression effect to � uctuations that
cause spurious velocities in a stationary gas (also see Ref. 18 for
a discussion of Monte Carlo bias). Therefore, a correction factor
is needed when evaluating the temperature from a � nite sample of
DSMC simulated molecules when the sample size decreases below
about 100 particles.

The calculations presented employ an empirical in� ation correc-
tion factor that is applied to the DSMC cells that contain fewer than
4000 simulatedparticles.The in� ation correction f is determined
a priori as the ratio of the instantaneoustemperaturevalues sampled
from nm molecules in equilibrium and the true value of the transla-
tional temperature.The number of simulated molecules in a DSMC
cell (nm ) is then used to access the appropriate value of f and to
correct the instantaneousvalue of the temperature:

T Tsample [ f nm ] (4)

The correction is used to evaluate macroscopic properties in the
ADV buffer cells, to generate macroscopicproperties in ADV cells
that spawn from ghost or real DSMC cells during the regridding
process, and to correct output DSMC properties.

Further investigationof the temperature depressionphenomenon
produced an exact mathematical form of the DSMC-sampled tem-
perature correction factor. To clarify this, examine the formula used
for the translational temperature term in the x direction:

k m Tx u 2 u2 u2 (5)

Consider the correspondence between a set of l simulated particle
velocities(u i i 1 2 3 l ) anda � nite sample of l observations

(zi i 1 2 3 l ) distributed according to the normal distribu-
tion f z :

f z 1 2 exp[ 1 2 2 z 2] z
(6)

If k m Tx is interpreted as the variance ( 2 ) of the normal distri-
bution in Eq. (6), then there is an exact analogy between Eq. (5)
and the statistical problem of estimating the variance of the � -
nite sample of observationsnormally distributedin accordancewith
Eq. (6).

It can then be shown19 that Eq. (5) requires a correctionfactor for
the proper evaluation of the temperature:

k m Tx [nm nm 1 ] u2 u2 (7)

Steady DSMC calculationsattain adequate sample size through the
use of ensemble time averaging that drives the factor nm nm 1
to unity. In these cases, Eq. (5) is a good approximation for the
estimation of the temperature.However, unsteady calculations that
employ fewer than 100 particlesper cell may experiencea reduction
in the translational temperature of 5% or more because the factor
nm nm 1 increases signi� cantly above unity as nm decreases.

The exact correctionof Eq. (7) explains the validity of the empir-
ical correction factor in the calculations presented and will replace
the empirical adjustment in all future hybrid calculations.

Generation of Reservoir DSMC Particles
To provideDSMC with boundaryconditions,thealgorithmgener-

ates the thermal velocities and initial positions of incoming DSMC
particles from the ADV domain. Cell-centered density values in
the two ADV cells adjacent to the interface (DSMC reservoir cells
in Fig. 1) determine the number of reservoir DSMC particles to
initialize. For each reservoir cell the algorithm generates the parti-
cle velocities from the equilibrium (Maxwell–Boltzmann) velocity
distribution function that re� ects the reservoir cell (ADV) macro-
scopic properties. The current hybrid method randomly distributes
the DSMC particleswithin the reservoircells as opposedto the com-
mon approach of positioning them on the coupling boundary.Parti-
cles that end their movement phase within pure DSMC regions are
retained:Those that do not enter the DSMC domainare deleted.The
same DSMC subroutine moves both DSMC and reservoir DSMC
particles with a uniform time step.

Many particles must be generated. To expedite the generation
of particles, the RF(0) subroutine suggested by Bird3 was used to
generate 12 lookup tables of 50,000 random numbers each. Such
multiple independenttables counteract false nonequilibriumeffects
between temperature components caused by the use of sequential,
nondistinctrandom fractions.3 One set of � ve tables containsa nor-
malized Gaussian distributionfunctionused to initialize the particle
velocity components.A second set of � ve tables contain uniformly
distributed random numbers between 0.5 and 0.5 for use in the
collision partner selection process and to randomly position parti-
cles. The generation of random coordinates occurs when creating
DSMC particles in the pure and ghost DSMC cells (initially and
during the regridding procedure) as well as positioning them in the
reservoir cells. Two tables contain uniformly distributed integers
between 1 and 5 that function as pointers to the velocity and po-
sition tables. A reasonably random sequence of numbers may be
generated by occasionallyhashing the pointer tables only. The sac-
ri� ce of memory space to store the random number table avoids
repeated computationally intensive calls to the random number
generator.

The reservoir cell procedure is fast and easy to implement and
generates the DSMC � uxes through the interface in a natural way.

Ghost Cells
DSMC provides ADV with property values whose rms noise

is proportional to the inverse square root of the number of simu-
lated DSMC particles that generate the values. A simple increase in
DSMC particles throughout the domain achieves rms noise reduc-
tion of DSMC properties but at unacceptable computational cost.
However, providing a localized increase in the number of particles
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through the use of ghost cells near the interface provides adequate
smoothing without undue computational cost.

An n-parallel DSMC move-collide cycle occurs in a frame of n
overlappingDSMC ghost levels that surroundeachDSMC patchand
interactwith ADV (Fig. 2). The ensemble averageof the n relatively
independent solutions (see later discussion) yields smoother ADV
boundaryconditions.Hence, we may compute with 40 particles per
cell in most of a DSMC region, whereas, with 3 levels of ghost cells
(n 3), the ADV buffer cells see a random noise level closer to
that found with 160 (3 ghost levels 1 real level) particles per cell.

Figure 3 illustrates � ve possible events as particles travel through
the ghost region. Particles entering the ghost region from DSMC
reservoir cells (event 1 in Fig. 3) or from the interior of the DSMC
domain (event 3) are cloned n times with each clone being dis-
tributed to a different ghost level. To ensure conservation of mass
� ux into the interior of the DSMC patches, those particles depart-
ing for the ordinary DSMC side from any one of the ghost levels
(event 5) are destroyed with probability n n 1). Particles that
leave from any level for the ADV side (event 4) are lost altogether.
Direct interlevel particle movement never occurs.

Ghost levels do not provide truly independent solutions because
incoming particles are cloned exactly in events of type 1 and 3.
Cloning particles destroys the true statistical independence of the
n-ghost levels and only results in a partial decrease of statistical
noise. Suf� cient ghost zone width, however, provides n nearly in-
dependent realizations because particles lose their cloned identity

Fig. 2 Ghost level structure illustrating three ghost levels.

Fig. 3 Ghost level particle movement.

Fig. 4 ADV–DSMC ASCII map sets.

by undergoing several independentcollisions during travel through
each ghost level.

Programming Approach: Maps
The hybrid Cartesian grid is represented with ASCII character

maps thatdescribethenatureof a cell.This allowseasymanipulation
as well as contouring of DSMC patches to model bodies immersed
in the � ow. Three different maps specify the nature of the cells,
depending on the task performed (Fig. 4).

Map 1 speci� es whether thecell is a regularDSMC cell (D), ghost
DSMC cell (S), or ADV (A). Map 2 distinguishes the ADV buffer
cells (0, 1, or 2) that provide ADV with boundary properties from
the DSMC domain. The predictor half step uses properties in cells
of character0 to update cells of character 1, 2, and A. The corrector
half step utilizes the properties in cells of character 1 to update
cells of character 2 and A. Through the creation of the interface
discrete velocity distribution function, the corrector step generates
the ADV interface half � uxes. Notice that the ADV buffer cells
may be either ghost DSMC cells (S) or regular DSMC cells (D) if
ghost smoothing is turned off (n 0 in which case ghost DSMC
cells transform to regular DSMC cells in map 1 as well). Map 3
characterizes the DSMC reservoir cells (V). Rapid characterization
of cells by sweeping through the map allows fast application of the
appropriate particle or continuum subroutine.

The preceding procedure allows rapid repositioning and mod-
i� cation of the DSMC regions using the adaptive grid procedure
described in a later section. Calculations are then advanced in time
based on the new grid.

Frequency of Coupling
ADV and DSMC are coupled to exchange property information

within every calculation cycle. This strong coupling reduces varia-
tion of the properties on either side of the interface, obviating the
need to reconcile such properties using computationally expensive
iterativeprocedures.The appropriate time step synchronizesthe in-
formation exchange between the DSMC (move-collide sequence)
and ADV (predictor-correctoroperation) cycles. The collision fre-
quencylimits theDSMC time step:particlesshouldtravelsub-mean-
free-path distance during t . The continuum � ow calculation faces
the Courant–Friedrichs–Lewy constraint. However, the more strin-
gent DSMC condition dictates the current choice of uniform time
step throughoutboth continuum and particle regions. Variable time
step may be implemented in the future once the validity of the in-
terface coupling procedure has been thoroughly tested.

Location of the Interface
The present coupled technique adaptively positions the interface

between DSMC and the continuum method into a region of mutual
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validity where the effects of viscosity and heat conduction are neg-
ligible. The automatic processes of interface positioning can occur
at every time step. The present hybrid method places the interface
conservativelybecause the techniqueemploys an ADV Euler solver
instead of a Navier–Stokes solver and because of the uncertainty
associated with the high noise levels accompanying unsteady com-
putations.

Placement of DSMC Patches
A simple, inexpensiverunning-averagelow-pass � lter employing

a variable stencil width provides a smoothed density and velocity
� eld. Note that the smoothed � eld does not affect the property inte-
gration; it servesonly as a regriddingtool. The term KnGLL [Eq. (2)],
PB [Eq. (3)], and the normalized density gradient,

N
d
dx

(8)

based on the smoothed velocity and density � elds determine the
range of validity for each method. The KnGLL and PB pro� les by
themselvesidentifyonly the nonequilibriumregion that results from
the temperatureshockahead of a shockwave,14 whereas N extends
the downstream coupling boundary well beyond the density shock.

Three cutoff parameters are evaluated for the weakest compres-
sion wave that we wish the DSMC patches to track. Because the
width of the nonequilibrium regions grows progressively thinner
as the Mach number increases, choosing cutoff values of KnGLL,
PB , and N that bracket a weak compression wave automatically
guarantees the adequate capture of stronger shock waves. Figure 5
illustratescutoff parameters for an instantaneousDSMC realization
of a Mach 1.2 shock wave. The lowest cutoff among the upstream
and downstreamvalues that exceed the residual DSMC noise on ei-
ther side of the wave are selectedfor each parameter.In this example
the cutoff values correspondto KnGLL 0 0010 N 0 0013, and
PB 0 0004. DSMC is employed where any of the three parame-
ters exceeds the values obtained from the precedingbracketingof a
weak wave.

The arti� cially widenedshock region that results from the � ltered
propertygradientsensuresthatADV is restrictedto equilibrium� ow
and that DSMC patchescompletelyenvelop � ow gradients.Figure 6
illustrates a sample regriddingprocedure in which the hybrid simu-
lation of a traveling Mach 5.2 shock wave initially employs a pure
DSMC domain. After regridding,DSMC is to be appliedwhere one
or more of the regridding parameters exceed the values selected in
Fig. 5 (the region delineated by vertical lines in Fig. 6). ADV will
simulate the remainder of the domain.

The cutoffvalueof the regriddingparametersdependson thenum-
ber of smoothing passes and the width of the smoothing region that
contribute to the moving average of the velocity and density � elds.
The precedingparameters, although adequate for present purposes,
may be slightly altered if the regridding procedure captures simu-

Fig. 5 Mach 1.2 shock wave cutoff region.

Fig. 6 Mach 5.2 shock waveDSMC patch locationusing cutoff param-
eters illustrated in Fig. 5.

lated patches with excessive DSMC noise. Hence, future research
will attempt to provide more precise parameter cutoff values that
will improve capture of compressionand expansionwaves and con-
tact discontinuitiesof various strengthsand in multiple dimensions.

Adaptive Boundary Location
The current technique reshapes and repositions DSMC patches

periodicallyso as to track high-gradient,unsteadyphenomena such
as shocks, expansions, shear waves, and boundary layers. In the
adaptivecalculationsthat follow,a regriddingintervalof 5 to 10 time
steps proved suitable to track unsteady wave patterns in supersonic
� ows.

As discussed earlier, the regridding procedure uses KnGLL PB ,
and N cutoff values to determine whether a cell changes its char-
acter from ADV to DSMC or vice versa. At � rst only pure ADV
and pure DSMC cells are identi� ed. If a cell is to switch from real
or ghost DSMC to ADV, sampling the DSMC particles generates
ADV macroscopic properties. All ghost and pure DSMC particles
in that cell are then removed from the DSMC array. Conversely, if
the switch from ADV to DSMC occurs, DSMC particles are initial-
izedfromthe ADV macroscopicpropertiesand randomlypositioned
throughout the new DSMC cell.

A further sweep then identi� es the DSMC–ADV interface and
changes the character of boundary cells to create the appropriate
frame of ghost cells, reservoir DSMC cells, and ADV buffer cells.
The algorithm assigns ghost cells according to a predetermined
depth.Turning regularDSMC to ghostDSMC cells requirescloning
the regular cells through the n ghost levels.

Results
The hybrid ADV–DSMC technique has been successfully ap-

plied to analyze simple con� gurations of standing and moving one-
dimensional shocks, expansion waves, a propagating shear layer,
and the two-dimensional development of a jet from a slit in a high-
pressure reservoir. Each case presented tests the positioning of the
DSMC patchesand con� rms proper resolutionof wave phenomena.

In the hybrid simulations, test conditions indicate atmospheric
density at 80-km altitude (18.46 mg/m3) and a temperature of
500 K. The grids employ equi-sized ADV and DSMC cells whose
dimensions are speci� ed in multiples of the rest mean free path in
the region at test conditions. DSMC hard sphere particles have the
mass of nitrogenmolecules.Solutions are advancedwith time steps
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measuring1 s (exceptwhere indicated) on a DEC Alpha 3000/700
workstation.

Nonadaptive Hybrid Calculations
Steady Shock

In this calculation DSMC captures a stationary Mach 3 shock
wave while ADV computes the upstream and downstream regions.
Figure 7 shows 70 overlaid independentrealizationsof the solution,
each sampled 10 time steps apart.

Each of the 48 DSMC cells contains about 200 simulated mole-
cules upstream and 600 downstream of the shock. DSMC ghost
zones (10 cells wide, n 5 levels per cell) provide smooth data
to the adjacent ADV regions. Both DSMC and ADV cells measure
0.4 upstreamrest mean free paths.Rankine–Hugoniot equationsde-
termine the initial pro� le. Subsequently, constant Mach 3 upstream
� ow is maintainedat test conditions (de� ned earlier) while extrapo-
lationof propertiesis imposedat the downstreamboundary.Periodic
boundary conditions are applied in the y direction. The simulation
yields the correct shock shape. Figure 8 shows good agreement
between the ensemble-averaged hybrid density pro� le (solid line)
and the shocksolutionfromBird’s DSMC1S codeincludedin Ref. 4.
The shock half-slope thickness spans approximately four upstream
rest mean free paths.

The quieting effect of ghost cells on either side of the DSMC
domain in Fig. 7 demonstrates the ability of the ghost cells to reduce
statistical noise in the properties passed to ADV zones. The � ve-
fold increase in ghost particles produces roughly the expected 60%
noise reduction. Because the upstream � ow is supersonic, noise
propagation occurs only in the subsonic downstream ADV region.

Fig. 7 Mach 3.0 standing shock.

Fig. 8 Mach 3.0 standingshock: comparisonwith Bird’s4 DSMC code.

Fig. 9 Traveling normal shock wave.

Fig. 10 Compressible Rayleigh problem.

Traveling Normal Shock Wave
Figure 9 shows nine successive density realizations of a normal

shock wave passing through a stationary ADV–DSMC interface.
Uniformly moving the � ow toward the right-hand solid wall (at
x 128) at 400 m/s generatesa Mach 1.7 re� ected shock wave.
Constant upstream in� ow is maintained at test conditions while
periodic boundary conditions are applied in the y direction.

The whole domain consists of 105 DSMC cells adjacent to the
specular wall on the right-hand side of the domain and 215 ADV
cells to the left of the interface. The DSMC region near the ADV–
DSMC interfacecomprisesn 5 levelsof ghostcells, 20 cells wide.
Each cell has 400 simulated molecules upstream of the shock. The
computation was advanced through 900 time steps.

The shock thickness spans about eight rest mean free paths in the
DSMC region,whereas in the ADV region it is thinnedconsiderably
(to about three cells) but has a � nite thickness due to the effect
of numerical viscosity. The solution yields the correct Rankine–
Hugoniot density ratio for Mach 1.7. In the ghost cells the � vefold
increase in ghost particles produces a clear reduction in noise.

Compressible Rayleigh Problem
The compressible Rayleigh problem consists of a � at plate sud-

denly moved in its own plane and is used to illustrate the nature
of a shear layer passing through a � xed ADV–DSMC interface.
Figure 10 shows tangential velocity pro� les for this � ow.

Two DSMC–ADV solutions with differing DSMC domains are
presented.The wholedomainconsistsof 400cells.One computation
(hollow symbols) uses 280 DSMC cells adjacent to the diffuse right-
hand wall, whereas the second computation (solid symbols) uses
only80DSMC cells.BothDSMC domainsuse20ghostcells,n 5,
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near the ADV–DSMC interface. Each DSMC cell is initializedwith
200 simulated molecules. The solution is advanced through 10,000
time steps. Velocity pro� les tangential to the plate are plotted after
200, 6000, and 10,000 steps.

Periodicboundaryconditionsare applied in the verticaldirection,
whereasin thehorizontaldirectionextrapolationof � owpropertiesis
imposed at the left side of the ADV domain.The diffuselyscattering
plate (T T ) at the right side of the DSMC domain is suddenly
moved upward in its own plane at 2000 m/s (Mach 4) at t 0.

Following the downstream (left side) departure of initial weak
shocks and rarefactions, the diffusively growing shear layer gradu-
ally penetrates the interface. At t 200, before the layer crosses
the small domain interface, the agreement between the two solu-
tions is very good. As the shear layer crosses the small domain
interface (starting at t 200), a slope discontinuity occurs be-
cause the choice of collision cross section determines the viscosity
in the DSMC method, whereas only numerical viscosity affects the
ADV result. The discontinuity in viscosity at the interface leads to
thinning of the viscous shear region and a corresponding increase
of the velocity gradient in the ADV. This example illustrates that
the interface should remain within the nearly irrotational � ow to
avoid such errors. There is a small velocity slip adjacent to the wall.
The largeDSMC simulationcapturesthe decay to the far-� eld value
(near zero u and velocity components) similar to that in the in-
compressible Rayleigh problem.

Supersonic Jet Flow Striking a Vertical Flat Plate
Figure 11 shows density contours from a two-dimensionalcalcu-

lation of supersonic jet � ow impinging on a vertical � at plate.
Two separate DSMC patches, embedded in the ADV domain,

contain the slit vertical walls and the target plate, respectively.The
patches remain � xed throughoutthe calculation.The whole domain
(320 168 cells) consists of 5324 DSMC cells (3920 pure DSMC
cells and 1404 ghostDSMC cells) and 48,436 ADV cells.We model
the slit with two vertical specularly re� ecting walls on either side
of a centered opening. The opening is 10.4 high (13 cells).
The specularly re� ecting target plate measures 10.4 high (13
cells) and is positioned 131.2 (164 cells) to the left of the slit.
The simulation has a Reynolds number of about 200 based on the
upstream speed of sound, the high-pressure reservoir density, and
the slit height.

Fig. 11 Hybrid calculation of unsteady plume � ow over a normal � at
plate.

Periodic boundaryconditionsare applied in the verticaldirection,
whereas property extrapolationfrom the boundary cells is enforced
in the horizontaldirection.To create a startingpressureratio of 10:1,
we initialize the DSMC cells to the left of the slit with 20 simulated
molecules and those to the right with 200 molecules. The solution
is advanced toward a steady solution through 15 realizationsof 200
time steps each. The � ow develops from the initial state of rest and
test conditions assigned to the low-pressure region.

Within the high-pressurereservoir, the ADV–DSMC interfacead-
equately simulates subsonic in� ow/out� ow conditions at the right
interfaceof the � xed DSMC patchthat envelopsthe slitwall.Choked
� ow exists at the throat. Frame 1 shows the propagation of a weak
initial shock wave ( Mach 1.3) and the resulting re� ected shocks
at the lower and upper boundaries.The initial weak shock wave has
exited the downstream boundary in frame 2, which shows the jet
structure just before it impinges on the vertical target plate. Notice
the formation of two vortical structures of opposite sense on either
sides of the jet. Frame 3 shows the jet impinging on the vertical
� at plate and the formation of two additional counter-rotatingvor-
tices originatingat the plate tips. The residual statisticalnoise in the
DSMC calculationproducesacousticdisturbancesthat propagate in
the subsonic regions on both sides of the jet. Because of these prop-
agating weak waves the jet does not impinge with its longitudinal
axis exactly perpendicular to the target plate, which results in the
asymmetric development of the plate tip vortices.

Density contours show the near jet region bounded in the vertical
direction by shear layers (free boundaries). As seen in frame 3 the
� ow suddenly expands from the slit and is recompressed by a dif-
fuse normal shock at x 0 76 m. Subsequent expansion results in
supersonic� ow that causesthe bow shockaheadof theverticalplate.

Adaptive Hybrid Calculations
One-Dimensional Shock Tube Problem

Figure 12 shows three realizations from a hybrid ADV–DSMC
simulation of a one-dimensionalshock tube along with results from
a pure DSMC computation.

The simulation models an initial density ratio of 10 and an ini-
tial temperature ratio of 4. The driven section is at test conditions.

Fig. 12 Hybrid ADV–DSMC simulation of one-dimensional shock
tube; gray-scale bar below each image indicates evolving DSMC and
ADV patches.
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Periodic boundary conditions are applied in the vertical direction.
The whole domain consists of 960 equi-sized cells of length equal
to 0.8 d . Each DSMC cell in the driven section initially con-
tains 100 particles in the full DSMC simulation and 50 particles
in the hybrid simulation. Multiple DSMC patches evolve in time
from a initial 100-cell DSMC patch that contains the initial density
step pro� le. Each end of the DSMC patches has � ve ghost cells,
n 5.

The hybrid solution agrees well with the full DSMC calculation.
The initial cell length of 0.8 d leads to mild underresolutionof the
shocks because the local mean free path decreases as the � ow is
compressed. However, moving DSMC patches properly track the
relevant unsteady gradients.Notice the formation of a strong shock
wave as the leading shock rebounds from the wall just before it
interacts with the contact surface.

Conclusion
A novel, stronglycoupled,hybrid ADV–DSMC adaptive method

was created and applied to one-dimensional and two-dimensional
� ows with encouraging results. The coupling was implemented
through an interface that initializes ADV buffer cells with DSMC
properties and uses DSMC reservoir cells to inject particles. The
two methodsexchangeinformationat everytime step allowing time-
accurate treatment of unsteady � ows. A novel approach to reduce
the statistical noise propagating into continuum regions from the
DSMC interfaceconsists of usingghost regions surroundingDSMC
patches.Simple ASCII grid maps permit the positioningand reshap-
ing of DSMC patches in nonequilibrium� ow areas through the use
of cutoff thresholds for the breakdown parameters. The continuous
coupling between ADV and DSMC at the interface and the adap-
tive DSMC patchesoffers an accurate and computationallyef� cient
way to analyzeunsteady � ows that combine rare� ed and continuum
characteristics.The interface appears reasonably stable even in re-
gionsof stagnation� ow. We � nallynote that such a hybridapproach
is useful to create a subsonic in� ow/out� ow boundarycondition for
the DSMC approach.
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